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We present a mathematical model describing evolution of false bottoms often met between an under-ice
melt pond and the underlying ocean during summer. The model treats a false bottom as the region of
mixed phase (mushy layer) whose coordinates depend on time and determine the phase transition area.
As the heat and the salt fluxes in the ocean are strongly influenced by turbulence and the ice meltwater
accumulating underneath the ice cover is practically fresh, we use modified boundary conditions for heat
and mass fluxes at the interfaces of phase transition. Explicit analytical solutions (thickness of false bot-
tom and growth rates of its boundaries, temperature and salinity distributions, solid phase fraction and
ocean-to-ice heat flux) of the nonlinear model under consideration are found. Model predictions are in
good agreement with existing experimental data and physical concepts of phenomena under study.

© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

During the summer, when the air temperature is above 0 °C the
sea ice — atmosphere interface undergoes ablation to occur. A con-
siderable fraction of meltwater gathers in surface puddles thereby
reducing the surface albedo. This meltwater can percolate into the
ice matrix, leading to a strong reduction in the surface salinities.
Untersteiner [1] showed that the meltwater flux into the ice re-
duces salinities at the top of the ice column to values close to zero.
As a result of these processes, low-salinity meltwater comes into
contact with seawater, each at or close to their respective freezing
points. This meltwater can be retained under thin ice in bottom
depressions, leading to fresh water lenses or forming what Hanson
calls "under-ice melt ponds” [2]. Martin and Kauffman demon-
strated in their laboratory experiments that freezing of under-ice
melt ponds can be explained by double-diffusion at the interface
between freshwater and seawater [3]. Initially, ice platelet crystals
would form in the contact zone and grow to centimeter or decime-
ter size if an attachment prevented their removal from the halo-
cline. Subsequently, more solid ice cover would form along the
entire freshwater - seawater interface, stabilized by a mesh of
crystals and other anchor processes. This underwater ice is called
false bottoms [2-6]. When this underwater ice sheet forms, it mi-
grates upwards due to bottom ablation [2,3] (for example, the Arc-
tic Ice Dynamics Joint Experiment (AIDJEX) demonstrated some
rapid upward migration of the false bottoms with relation to abla-
tion under nearby thick ice). The field experiment Surface Heat
Budget of the Arctic Ocean (SHEBA) showed that approximately

* Corresponding author. Tel.: +7 343 3 507541; fax: +7 343 3 507401.
E-mail address: Dmitri.Alexandrov@usu.ru (D.V. Alexandrov).

0017-9310/$ - see front matter © 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijheatmasstransfer.2007.11.061

15% of a total of more than 100 mass-balance gauges developed
false bottoms during the ablation season [6,7]. It has been found
experimentally that under-floe melt ponds and false bottoms cov-
ered half of the flow bottom of the drifting station “Charlie” [2]. It
is important to keep in mind that the formation of false bottoms is
the only process by which significant amounts of new ice can be
formed during the summertime. Nansen from his observations in
the Beaufort Sea noted that the heat transfer from the trapped
fresh water, with a temperature of 0 °C, to the arctic sea water,
with a temperature of —1.6 °C, is the only source of ice accretion
during the polar summer [8]. An additional point to emphasize is
that false bottoms play an important role as reservoirs of meteoric
water (snow meltwater). They are important in the transfer of pol-
lutants from the atmosphere into the ice pack [9]. Taking into ac-
count all things considered, we present a theory of false bottom
migration on the basis of macroscopic heat and mass transfer
equations and boundary conditions when the phase transition oc-
curs in a mixed layer (mushy region) and the heat and mass fluxes
in the ocean are influenced by turbulence.

2. Model of false bottom evolution

Let us now consider the process when a false bottom direction-
ally freezes upwards. We describe a system once a thin veneer of
young ice representing a false bottom has been formed (the initial
formation of false bottoms usually took only a couple of hours in
natural conditions [10]). A schematic diagram of the process is
plotted in Fig. 1 (here z is the spatial coordinate, a(t) and b(t) are
the fresh water - false bottom and false bottom - sea water phase
transition interfaces, respectively, t is the time). The regions
a(t) <z<0,z<b(t) and b(t) <z<a(t) are, respectively, filled
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Nomenclature

a fresh water - false bottom boundary

b false bottom - sea water boundary

Cw specific heat of water

D molecular diffusivity of salt in sea water

k; thermal conductivity of ice

Kw thermal conductivity of water

Ly latent heat

m liquidus slope

Sm salinity

Seo salinity far from phase transition boundaries in the
ocean

t time

T temperature far from phase transition boundaries in the
ocean

u friction velocity
z spatial coordinate

Greek symbols

o turbulent coefficient for heat

o turbulent coefficient for salt

Pw density of water

1 solid phase fraction

Subscripts

aand b point at the physical parameters of boundaries a(t) and
b(t).

with the fresh water, the sea water and the false bottom consisting
of a mixed (liquid and solid phases) zone [3,5]. We shall treat this
zone as a quasi-equilibrium mushy layer [11,12]. Since a relaxation
time of the temperature field is far less than characteristic times of
the process, the temperature field in the mushy layer (false bot-
tom) will be considered as a linear function of the spatial
coordinate

z—b(t)) + Typ(t)(a(t) — 2)
a(t) — b(t) ’

Tz, 1) — ol bt)<z<a), (1)
where T, and T, stand for the temperatures at the phase transition
boundaries a and b. The linear form (1) of the temperature field is
confirmed by laboratory experiments [3]. Physically this means that
the temperature field and the solid fraction ¢(z, t) within the false
bottom undergo only insignificant oscillations with time (¢ is also
with z). Theoretically this conclusion was demonstrated by Alexan-
drov and Malygin [13] and by Alexandrov et al. [14] for solidifica-
tion of leads. Taking into account that the salinity field (Sn(z,t))

atmosphere a

S~

ice floe

| freshwater

false bottom (mushy layer)

ice floe

false bottom (mushy layer)

Fig. 1. (a) A sketch of an under-ice melt pond [3]. (b) A schematic diagram of the
process.

in the mush is a nearly linear function of z (see among others,
[3]), we use the Scheil formula [15]

0
at
Eq. (2) implies that all salt is displaced by ice into the liquid matrix
of the system. We shall consider that the mushy layer (false bot-
tom) is in thermodynamic equilibrium. Therefore, the temperature
and salinity distributions are related by the liquidus equation

Tm(z,t) = —mSp(z,t), b(t) <z <a(t), (3)

(1 —=9)Sm) =0, b(t) <z<a(t). (2)

where m is the liquidus slope. The linear form of Eqs. (1) and (3)
agrees closely with the laboratory experiments [3] where nearly lin-
ear functions T,, and S,; with respect of z have been observed.

Laboratory experiments [3] show that heat and the salt fluxes at
the phase transition boundary z = a(t) determined from the fresh
water side are far less than their analogs determined from the
mushy layer side. This being the case, the heat and mass balance
boundary conditions can be written in the form

da oTm
LV(/’aE = (ki‘/’a + kW(‘l - (Pa))av (4)
da oSm
Seqe = P (3)

where Ly is the latent heat parameter, D is the diffusion coefficient,
k is the thermal conductivity, the subscripts i and w refer to ice and
water, respectively. Eq. (5) indicates that the rate of salt diffusion
must be sufficient to keep up with the rate of boundary a(t) (this
model assumption is backed by the laboratory experiments [3]
demonstrating that the salinity gradient is practically negligible in
the fresh water region at z > a(t)).

As the rate of motion of the phase transition boundary z = b(t)
undoubtedly depends on the turbulent motion in the ocean, let us
write down the boundary conditions as follows [10,16,17]

db oTm

Lv%a = (kipp + kw(1 — <Pb))§ + onpuCwll(Toe — Tb), (6)
db

S g = %sU(S = Sb), (7)

where T, and S, are the far-field properties of the salt water, u is
the friction velocity, p,, and c,, are the density and the specific heat
of water, «, and o are the turbulent transfer coefficients for heat
and salt respectively. The ratio of exchange coefficients oy /o
depends on the molecular diffusivities for heat (x) and salt (D) at
that on/as = (k/D)" [17] with 2/3 <n<4/5 [18,19]. We put
35 < ap/os < 70 after Notz et al. [10]. The aforementioned model
(1)-(7) represents a nonlinear set of equations and boundary
conditions imposed at moving phase transition interfaces. This
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model describes nonstationary freezing in the presence of a mushy
layer, playing the role of a false bottom, with heat and salt fluxes at
the lower boundary influenced by turbulence. How to construct ex-
act analytical solutions of the above-mentioned model is discussed
below.

3. Exact analytical solutions

Integrating Eq. (2), we find the solid phase fraction in the mushy
layer

ozt =1- 7“72{5,"2; b

(8)
where Ty (z,t) is determined by expression (1). Combining the
boundary conditions (4), (5) and taking into account Eq. (3), we
get the solid phase fraction at the upper phase transition interface

B KT,(t) _ky _ DLy
(pa(t)_—(Kfl)Ta(t)pr’ Tk Tk 9)

Now substituting ¢,(t) from expression (9) into expression (8) at
z = a(t), we obtain temperature T, at the lower boundary in terms
of temperature T, at the upper boundary

T2(t) + To ()T,
(@p — DK = 1)Ta(t) = Tp)"

As the temperature and salinity fluxes are proportional in accor-
dance with Egs. (1) and (3) we can find a set of equations connect-
ing the mushy layer (false bottom) thickness h(t) = a(t) — b(t) and
the phase transition temperature T,(t). With this aim in mind we
equate derivatives db/dt from Eqs. (6) and (7) and subtract deriva-
tives in the left-hand sides of Egs. (4) and (7). As a result, we have

(10)

Ty(Ta(t)) =

a(t) — b(t) = Q;(Ta(t), t), an
d(a(t)d; b(t)) _ Qza(];ag)) +Qs(Ta(t), 1), (12)
where

_ (kigp + kw(1 = ¢4))(Ta — Tp)Tp

Qi (Ta(t), 1) = = oLy (T + MS.) + ot poyCorll(Too — Tp) T

(kiga +kw(1 = 94))(Ta — Tp)
LV@a

_osu(Tp + mS,.)

Tyoy ’

QZ (Ta(t)) =

)

Qs(Ta(t),1)

Here we bear in mind that the arguments of functions Q,,Q, and Q3
may be dependent on time in an explicit form (not only by means of
dependence T,(t)) in the case that u,T,, or S, are time-dependent
too.

Let us now consider the special case that all values u, T, and S,
are constants (or all of them are averaged over their variations in
time and changed by constants). Then Q; and Q3 as well as Q, de-
pend on t only as composed functions of T,(t). If this is really the
case, substitution a(t) — b(t) from (11) into (12) gives an explicit
function ¢t(T,) of the form

"Ta

t(Ty) = A F(T,)
_ dQ(Ty) Q4 (Ta) (13)
dT,  Qz(Ta) + Q4(Ta)Qs(Ta)”

The initial temperature T4 (determined at t = 0) can be found from
the algebraic Eq. (11) on condition that the initial coordinates a(0)
and b(0) are known. Once integral in the right-hand side of (13)
has been calculated, the inverse function T,(t) can readily be
obtained.

In the general case when one of the values u, T, or S, becomes
dependent on time, we can get the initial-value problem (Cauchy

(Tq)dT,,

problem) for T,(t); if so, substitution a(t) — b(t) from (11) into
(12) gives

dTa(t)
dt 7f(Tﬂ7t)7

where f(T,,t) is known function. For the sake of simplicity, we will
not write out this elementary but exceedingly lengthy dependence.
The initial point Ty is determined, as before, by Eq. (11).

We are now in position to describe the laws of motion of bound-
aries a(t) and b(t); to accomplish this, let us integrate expression
(7) and arrive at the law for lower boundary

© osut(Ty(Ta) + MS.)
b(t) = b(0) —/0 S VAT (15)

where T,,(T,) and T,(t) are determined by expressions (10), (13) or
(14). The law of upper boundary follows from Eq. (11) and has the
form

a(t) = b(t) + Q:(Ta(t), 1). (16)

T4(0) = Ta, (14)

4. Model predictions for field experiments

Let us now compare model predictions and experimental data
on false bottom evolution taken from the AIDJEX and the SHEBA
field experiments (see, among others, [20,21]). Since the solid frac-
tion ¢, is in close proximity to unity, we choose ¢, = 0.99. Fig. 2
demonstrates the bottom elevation change during AIDJEX calcu-
lated on the basis of expression (15) for different friction velocities
(b1(t) = b(t) — b(0)) and Fig. 3 shows time oscillations of the solid
fraction ¢, and the heat flux | = app,cwtt(To — Tp) that goes from
the false bottom - ocean interface to the ocean (this direction cor-
responds to negative values of J). The far-field temperature, T, and
salinity, S.., as well as the friction velocity, u, can vary with time in
natural conditions. Figs. 4 and 5 demonstrate such variations mea-
sured during the 1998 SHEBA campaign in accordance with ref.
[10]. Using these experimental data as the base let us take a brief
look at time-to-time variation of the false bottom thickness
h(t) = a(t) — b(t). Fig. 5 demonstrates this function calculated on
the basis of expressions (14)-(16). It is readily seen that the essen-
tially increasing function h(t) becomes decreasing after day 207.
The reason is that the storm came through, which substantially in-
creased function u(t) (see Fig. 5 and Ref. [10]). As a result, the salt
flux from the ocean to the ice increases, and in its turn a rapid abla-
tion of the false bottom occurs. An increase of the brine salinity re-
duces the phase transition temperature T, = —mS, which becomes
less than the ocean temperature T... By this is meant that the tem-

—\
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Fig. 2. Friction velocity during AIDJEX in accordance with Rossby-number similar-
ity theory [10] (axis to the left). Experimental data in accordance with the AIDJEX
field campaign and theoretical predictions (axis to the right). Two curves based on
fixed values of u are calculated from expression (13) and one curve based on time
oscillations of u(t) is calculated from expression (14). Thermophysical parame-
ters used in calculations [3,10]: oy, = 0.0095,0p/0 = 35,ky =5.86- 1073 1/
(emc°C),k;=22.19-107J/(cmc°C),cy =4.187]/(g°C), p, = 1 g/cm3,L, =308.16]/
cm?3,a(0) — b(0) =2.5cm,T,, = —1.5°C;m =53-10"2 °Cpsu~',S,, = 29.8 psu.
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210 212 214 216 218 t
Day of 1975

Fig. 3. The solid fraction at the fresh water - false bottom interface and the heat
flux at the sea water - false bottom interface as the functions of time. These dep-
endences are plotted in accordance with function u(t) shown in Fig. 2.
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Fig. 4. Far-field temperature and salinity from SHEBA data.
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Fig. 5. Friction velocity from SHEBA data and calculated evolution of the thickness
of a false bottom (mushy layer), a(0) — b(0) = 1 cm.

perature difference AT =T, — T, becomes negative and the heat
flux J changes its sign. In other words, the ocean-ice heat flux in
this case is directed toward the ice. Such a behavior is demon-

Sh, psu
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Fig. 6. Salinity and temperature oscillations predicted on the basis of our theory
and SHEBA data.
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Fig. 7. AT and heat flux oscillations predicted on the basis of our theory and SHEBA
data.
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Fig. 8. Current and average heat transfer coefficients (Stanton numbers) calculated
on the basis of AIDJEX (in the case of u(t)) and SHEBA data. Horizontal lines show
corresponding average values, (St) = 0.0067 for AIDJEX and (St) = 0.0047 for SHEBA
data.

strated in Figs. 6 and 7 where all functions are shown in accor-
dance with the theory under consideration.

We now turn our attention to the question of current fluctua-
tions in a Stanton number

To—Tp

St:7“}‘T;+ms\

shown in Fig. 8. A common way of treating ocean heat flux in the-
oretical and numerical models is to express the heat flux in terms of
the heat exchange coefficient (Stanton number), relating the aggre-
gate scale heat flux to ice interface friction velocity and elevation of
mixed layer temperature above freezing [10]. Results from several
studies have shown the Stanton number to be relatively uniform
[22]. Its average values (St) close to 0.0055 used in Ref. [10] for find-
ing the turbulent transfer coefficients.

5. Concluding remarks

In this paper, we have focused attention on the mathematical
model of false bottoms that play an important role in the energy
balance of Arctic sea ice. They frequently form at the interface be-
tween fresh and salt water bordering under-ice concavities in sum-
mer. During periods of the thickening of false bottoms there is a
significant heat flux into the mixed layer of order 10 W/m? [10].
For example, the model under consideration predicts that the
ice—ocean heat flux can be directed upward or downward at differ-
ent times, with an average value of —12.9 W/m? for AIDJEX and
—5.6 W/m? for SHEBA data (the reason of upward direction is con-
nected with abrupt jumps of the friction velocity). This flux is com-
parable to other heat fluxes such as solar radiation divergence and
the upward ocean heat flux from depth. Taking into consideration
that under-ice melt pond formation might be a widespread phe-
nomenon in the Arctic [23], an important role of model predictions
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becomes clear to learn more about nonlinear dynamics of the Arc-
tic Seas.
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